
ON TORSIONAL VIBRATIONS OF E&F-SPACE 

(0 KRUTIL'NYKA KOLERANIIAKR POLUPROSTRANSTVA) 

PMM Vo1.25, No.1, 1961, pp. 159-163 

1a.S. UFLIAND 

(Leningrad) 

(Received October 14, 1960) 

This paper deals with steady-state vibrations of an elastic half-space, 

generated by the rotation of a rigid cylinder. The area of contact be- 

tween the half-space and the cylinder is circular. The exact solution of 

this problem has been obtained by Sagoci [ 1 I with the use of spheroidal 

wave functions. 

Here, another approach to this problem is presented. It is based on 

the concept of dual integral equations which are equivalent to a regular 

Fredholm’s equation, admitting an effective approximate solution. 

1. Formulation of the problem and its reduction to Fredbolm's inte- 

gral equation. Let a rigid die, connected with the half-space z > 0 on 

the circle with the radius CX, be acted upon by the torsional moment 

.If L ,ll, Re eicvf+a) (V is frequency of vibration) (1.1) 

It is easy to verify that all the equations of theory of elasticity 

are satisfied if only the component of the displacement vector in the 

direction of the $-line (r, 4, z are cylindrical coordinates) is assumed 

different from zero: 

I, = Re (ue i(VSa) 
‘p J (1 2; 

with the function u(r, Z) satisfying the equation 

where p is the density and G is the shear modulus. 

On the boundary of the half-space the following conditions are to be 

satisfied: 
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u &=@ = er, r <a; (1.4) 

where 6 is the complex amplitude of the angle of rotation of the die 
which, in this problem, is considered to be known; later it will be ex- 
pressed in terms of the given amplitude Mu of the applied moment. 

The second condition (1.4) means that the shear stress 

is equal to zero on the surface outside of the die. 

If the solution of Equation (1.3). which approaches 
is assumed in the form 

u= e s -’ vA*--ka J1 (lip) A (A) dh 

(1.5) 

zero fox 2 + .=, 

(1.6) 
0 

then the following two integral equations for the function A&) are ob- 
tained from the boundary conditions: 
00 bo 

! A (L) JI (hr) dh = w, ?<a; 
‘j 

r/I+% - k2 J1 (hr) A (A) dh = 0, r>a (1.i) 

0 0 

Following the method of Lebedev 12 1 we obtain 
a 
1 

\ ‘p (t) sin ht dt 

il 

(1% 

where gi(t) is a new unknown function. Using 
co 

\ 
JO (hr) sin ht dh L= 0, 

i, 

it can be shown that Equation (1.3) is then 

the relation I3 1 

(1 9) 

identically satisfied. 

Substituting (1.8) into the first of Equations (1.71, and using the 
relation C 3 1 

co 

s t 
J1 (hr) sin at dh =t 

rl/r2L’ t<r 

0 

the integral equation of ~chle~ilch can be obtained 
ai2 

s 
F (r sin 0) de = Er2 

0 

(1.10) 

(1.11) 
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where 

and 

(1.12) 

(1.13) 

The solution of Equation (1.11) has the form [4 1 

F(r)=4$r2 (1.14) 

The function $(y) can be written explicitly [5 1 

$ (Y) = F [J1 (k I Y I) - iH1 (kY) + +I (1.15) 

where HI(z) is the Struve function. Thus, the problem reduces to the 
solution of a regular Fredholm equation 

whose 

2. 

a 

cp (x) - ; s cp (t) [V (t - 4 - $ (t + 41 dt = ‘+ 2, O<x<a (1.16) 
0 

kernel is given by Expression (1.15). 

Numrical calculat.ionB. Assuming 

t=f, 2L- 
xk 

a ’ II (Y) = z L (Y) (2.1) 

we reduce the fundamental equation (1.16) to the dimensionless form 

where 

1 
n 

o (E) = E + f \ OJ (~1 IL (z - El - L (z + 81 dt 
0 

2i 

(2.2) 

1, (y) = J1 (P I Y 1) - iH1 (PY) + JI I P = kn (2.3) 

For the numerical solution of Equation (2.2) we assume 

OJ (EJ = I+ (8 + iv (El (2.4) 

and for the unknown functions x(c) and ~(5) we obtain the following 
system of real integral equations: 
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(2.5) 

The system (2.5) has been solved numerically, replacing it bY an 
algebraic system. The results of the calculation (which are obtained by 
dividing the interval into ten sections for various values of the para- 
meter p) are given in Table 1. 

TABLE 1. 

p = 0.4 p = 0.8 $3 = 1.2 P = 1.6 $I=2 

5 

h 

I 
tL h 

/ 
i* h P A 

I 
P x 

I 
iL 

i 
t 

0.1 0.0962 0.00084 0.0870 0.0055 0.0753 0.0144 0.0624 0.0266 0.04850.0418 
0.2 0.1925 0.00168 O.l743 0.0110 0.1514 0.0286 0.1264 0.0530 0.09960.0830 
0.3 0.28FO 0.00256 0 2623 0.0164 0.2291 0.0428 0.1932 0.0789 0.15540.1231 
0.4 0.3857 O.CO335 0.3514 0.0220 0.3092 0.0568 0.2645 0.1042 0.21830.1616 
0.5 0.4828 0.00419 0.4417 0.0273 0.3923 O.OiO5 0.3416 0.1286 0.29~0.~9~~ 
0.6 0.5803 0.~502 0.5336 0.0325 0.4793 0.0~9 0.4260 0.1520 0.37430.2321 
0.7 0.6782 0.00585 0.6279 0.0379 0.5714 0.0969 0.5187 0.1742 0.47150.2632 
0.8 0.7768 0.00668 0.7243 0.0430 0.6690 0.1095 0.6215 0.1951 0.58410.2911 
0.9 0.8759 0.00751 0.8234 0.0481 0.7723 0.1217 0.7352 0.2144 0.71380.3156 
1.0 0.9758 0.00832 0.9256 0.0532 0.8826 0.1332 0.8609 0.2322 0.86200.3364 

For the complete solution of this problem it is necessary to find the 
relation between the given torsional moment Me and the complex amplitude 
6 of the angle of rotation of the die. 

Using the equation 
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and evaluating the integral 

a a co CL 

rzdr = 
z=o 

\ r3 dr \ hJ1 (hr) dh \ v (t) sin ht dt 

I 
. 

IJ 0 

with the use of Equation [3 1 

y Jo (hr) sin ht d/Z = --I t 12 r 

0 
I/& 

we obtain the following expression: 
1 

:If = MO Re ,i(vt+a) z - 16GaS Re E 
s 

zo (z) dT 

0 

Hence, the necessary relation is obtained 

1 

P = - Ml) {Iti& c [h (t) + i!_k (r)] r&-l 

0” 

P x 

0.4 0.00861 
0.8 0.05962 
I’) .Y 0.1651 
1.6 0.3190 
2.0 0.5127 

--- 

TABLIE 2. 

- 

- 

..- 

c:, 

0.6038 
0.6462 
0.6859 
0.6922 
0.6479 
--- 

0.00520 
0.03851 
0.1132 
0.2208 
0.3922 

(2.(i) 

(2.7) 

(2.8) 

To compare our results with those of Sagoci [ 1 I, we write the rela- 
tion (2.8) in the form 

where 
1 1 

p = ; \ p (‘c) t dz, y-9 h(T)TdT 
an 5 

0 0 
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Table 2 shows the values of the quantities 

which agree with the corresponding numerical results of Sagoci. 

The author expresses his gratitude to K.A. Aristova and T.A. Chernova 

who performed the numerical calculations. 
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